The recently developed exact factorization approach condenses all electronic effects on the nuclear subsystem into a pair of scalar and vector potentials that appear in a time dependent Schrödinger equation. Starting from this equation, we derive inter-subsystem Ehrenfest identities characterizing the energy, momentum, and angular momentum transfer between electrons and nuclei. An effective electromagnetic force operator induced by the electromagnetic field corresponding to the effective scalar and vector potentials appears in all three identities. The effective magnetic field has two components that can be identified with the Berry curvature calculated with (i) different cartesian coordinates of the same nucleus and (ii) arbitrary cartesian coordinates of two different nuclei.
The recently developed exact factorization approach condenses all electronic effects on the nuclear subsystem into a pair of scalar and vector potentials that appear in a time dependent Schrödinger equation. Starting from this equation, we derive inter-subsystem Ehrenfest identities characterizing the energy, momentum, and angular momentum transfer between electrons and nuclei. An effective electromagnetic force operator induced by the electromagnetic field corresponding to the effective scalar and vector potentials appears in all three identities. The effective magnetic field has two components that can be identified with the Berry curvature calculated with (i) different cartesian coordinates of the same nucleus and (ii) arbitrary cartesian coordinates of two different nuclei.
(i) has a classical interpretation as the induced magnetic field felt by the nucleus, while (ii) has no classical analog. These formal identities, illustrated here in an exactly solvable model, are applicable to all nonrelativistic physical and chemical systems. The immensity of information in the quantum mechanical wave function is an obstacle to finding a clear physical picture of microscale dynamical processes. It is thus crucial to single out a few variables that condense the most relevant information, and experience shows this is particularly successful when these variables have classical analogs. This line of thinking dates back to Ehrenfest. For a single particle described by a time dependent Schrödinger equation (TDSE), the Ehrenfest theorem bridges the quantum and classical pictures by formulating equations of motion for the expectation values of position and momentum that have a strong resemblance to Newton's equations. [1] Yet, real world systems are made up of multiple particle species. In this respect, the Ehrenfest theorem and its generalizations [2] are limited because they do not probe the multicomponent nature of the system. It would therefore be desirable to go beyond the Ehrenfest theorem in the following two ways: (i) identifying additional useful variables that are specific to a subsystem, and (ii) deriving equations of motion in a form which brings to light the classical analogs they contain.
Regarding (i) and thinking of a two-component system of electrons and nuclei, three candidates variables are the total kinetic energy, momentum and angular momentum of the nuclei viewed as a subsystem. One can expect these variables to be particularly helpful in gaining insight into dynamical phenomena where energy and momentum are transferred between electrons and nuclei. For example, energy transfer is important for understanding fast internal conversion of DNA and RNA, [3, 4] the relaxation of hot electrons in solids, [5] [6] [7] and electronic friction-induced relaxation of molecular vibrations [8, 9] ; momentum and energy transfer are crucial for interpreting chemical dynamics, including collision processes, [10] [11] [12] combustion and explosions that generate high temperature and high pressure in an extremely short time. [13, 14] Knowledge of the mechanisms in these problems will also help us control quantum processes and design quantum devices. For instance, by understanding angular momentum transfer on the microscale, one may find inspiration in building molecular motors and refrigerators [15] [16] [17] [18] and in studying quantum thermodynamics [19] [20] [21] . By controlling the energy transfer rate, one can adjust current-induced forces [22] [23] [24] in nanosystems and minimize Joule heating [25, 26] . Similarly, reducing the rate of heat dissipation in solar cells and fluorescence processes [27, 28] might allow one to increase their efficiency.
In considering the dynamics of the nuclear subsystem, the recent exact factorization (EF) method achieves a clear separation of the nuclear degrees of freedom from those of the electrons by defining a nuclear wave function and formulating the equation it satisfies. [29] [30] [31] This nuclear wave function has been proven to yield the exact nuclear probability density and current density [32] , and we will show in this Letter that it also yields the exact nuclear momentum and angular momentum. This fact and the fact that the nuclear wave function obeys a TDSE in which all electronic effects have been condensed into scalar and vector potentials are key to point (ii), for it is precisely these structures that allow us to identify quantities with classical analogs in the equations of motion for the kinetic energy, momentum and angular momentum.
In this Letter, we use the nuclear TDSE of the EF approach and derive Ehrenfest identities for the nuclear subsystem, which we will refer to as inter-subsystem Ehrenfest identities (IEI). We show that an effective electromagnetic force operator appears in all three identities. The magnetic component of the corresponding electromagnetic field comes from two sources: (a) the more familiar intranuclear Berry curvature associated with different cartesian coordinates of the same nucleus [33] ; (b) internuclear Berry curvature calculated with arbitrary cartesian coordinates of two different nuclei. (a) has the classical interpretation of an effective magnetic field acting on a given nucleus, while (b) has no classical analog. Finally, these formal results are illustrated in an exactly solvable model.
Let us start with the full electron-nuclear TDSE, i∂ t Ψ(r, R, t) =ĤΨ(r, R, t).
(
Here Ψ is the electron-nuclear wave function and r = (r 1 , r 2 , · · · , r Ne ) and R = (R 1 , R 2 , · · · , R Nn ) denote the electronic and nuclear coordinates, respectively.Ĥ is the electron-nuclear Hamiltonian which in the absence of external potentials comprises the nuclear kinetic energŷ T n , the electronic kinetic energyT e , electron-electron interactionV ee , electron-nuclear interactionV en , and nuclear-nuclear interactionV nn . The nuclear kinetic energy T n , momentum P n and angular momentum L n are defined as the expectation values of the corresponding operators,
Here µ indexes the nuclei, M µ are the nuclear masses, and the subscripts of the bra-kets indicate which variables are integrated over in the inner product. As a nonstationary Ψ evolves, these expectation values change in time due to the coupling to the electronic subsystem.
It has been shown that Ψ(r, R, t) can be factorized into a marginal nuclear wave function χ(R, t) and a conditional electronic wave function Φ R (r, t).
[29-32] Furthermore, Φ R satisfies a complicated electronic equation while χ satisfies the following simple nuclear TDSE, [31, 32] 
Here ǫ is the scalar potential originating from the electronic equation, and 
, where Z µ is the charge of nucleus µ. Here we see that A µ , which has different dimensions from A ext , couples to the nucleus with an effective dimensionless "charge" of −1. By virtue of Eq. (5), we can rewrite T n , P n and L n in terms of χ as
Here E geo is the geometric contribution to the kinetic energy, given by
Comparing Eqs. (6)-(8) with Eqs. (2)-(4), one can easily recognize their formal resemblance. The equivalence of Eq. (7) and Eq. (3) implies that the Ehrenfest equation for the momentum of the nuclei can be evaluated by considering either the full system or the nuclear subsystem alone, as shown in Ref [34] . In replacing the full wave function Ψ by the marginal subsystem wave function χ and the corresponding integration domain, we obtain additional terms with vector potentials A µ arising in conjunction with the canonical momentum operators. This is due to the product rule when evaluating the gradient operator ∇ Rµ acting on Ψ(r, R) = χ(R)Φ R (r). A similar argument applies to the nuclear angular momentum. In contrast, Eq. (6) and Eq. (2) imply that the kinetic energy of the nuclear subsystem, denoted as T n , differs from the true nuclear kinetic energy T n by a quantity E geo , which arises as an additional term besides A µ due to the product rule involving the Laplacian, as shown in Ref. [35] . One can prove that, in general, E geo does not vanish, although it is small in many cases so thatT n = T n − E geo ≈ T n . [36] In the following, we will derive the equation of motion forT n , P n and L n through Eqs. (5)-(8).
We start with Eq. (5) and apply the Heisenberg equation of motion forT n , which leads to
Here we have used [Ĥ n ,t n ] = [ǫ,t n ]. Then by straightforward algebra, one can explicitly evaluate the expectation value of the following commutator as
The second term in the braces of Eq. (10) can be calculated directly. Using the product rule, one arrives at
Substituting Eqs. (11)- (12) into Eq. (10) and rearranging the terms, we have
Note that the left hand side (LHS) of Eq. (13) is real. When we take the real part of Eq. (13), the LHS stays the same while the second term in the braces of the RHS vanishes since it is purely imaginary. Then, by introducing a velocity operatorv µ ≡ 1 Mµ (−i∇ Rµ + A µ ) for each nucleus and defining the effective electric field E µ = ∂ t A µ − ∇ Rµ ǫ, we condense Eq. (13) into the following compact form,
Eq. (14) is analogous to the classical formula for the work done per unit time by an electric field E on a charged particle.
Next, we derive the IEI for the nuclear momentum. Here instead of summing up the momentum from each nucleus, let us consider each individual P µ = χ|p µ |χ R , wherep µ = −i∇ Rµ + A µ . Once again, we use the Heisenberg equation of motion
Here
and
The fact that (17), which reads
Using the identity
one can calculate the RHS of Eq. (18) which we summarize as follows. The
Substituting Eq. (20) into Eq. (17), we derive the
Here C
is the Berry curvature. Furthermore, we can decompose Q 1G into intranuclear and internuclear contributions,
Here the classical analog of the intranuclear curvature C
Upon summing over G ′ , these intranuclear terms lead to the following simple expression:
The classical counterpart of Eq. (23) is the magnetic force acting on nucleus µ, which combined with the corresponding term in Eq. (16) leads to the generalized Lorentz force,F
In contrast to the classical picture, here this force is an operator and the electromagnetic field is nucleus specific. Moreover, the appearance of the magnetic force as B µ × v µ rather than −B µ ×v µ occurs because the sign in our definition of A µ is opposite of that in the conventional definition and therefore the momentum operator is given
On the other hand, the summation over the internuclear curvature terms has no classical analog and does not readily simplify. Instead, we introduce an internuclear magnetic force operator
to account for it. Substituting Eq. (23) and Eq. (25) into Eq. (22), and then substituting Eq. (22) and Eq. (16) into Eq. (15), we arrive at the following IEI:
Here we useF µ =F µ +D µ to denote the effective electromagnetic force operator associated with nucleus µ. OurF µ has a formal resemblance to the classical force function F I µ that was introduced in previous works for calculating the time evolution of the nuclear momentum P I µ of a particular trajectory R I (t) in a trajectorybased representation of the nuclear Schrödinger equation . [37] [38] [39] [40] [41] [42] F I µ contains an effective electric field E µ as well as intra-and internuclear magnetic contributions corresponding to our B µ ×v µ andD µ , respectively.
In fact, one can show that
. Although P I µ and F I µ are auxiliary quantities tied to the trajectory based methods, where R and t are no longer independent variables, one expects to recover dPµ dt upon taking the ensemble average. In this Letter we have derived a representation independent identity for the rate of change of the observable χ|p µ |χ , showing that it is governed by the novel force operator on the RHS of Eq. (26) . Interestingly, the RHS can be evaluated by replacingF µ by F µ (R, t) due to the formal resemblance of these forces. [43] Next, we show that the same force operator appears in the equations of motion for L µ andT n . By following a similar derivation, we can further connect the rate of change of angular momentum with an effective torque, [43] 
On the contrary, such a simple relation does not hold for kinetic energy of an individual nucleus, i.e., dTµ dt = Re χ|F µ ·v µ |χ R . ReplacingF µ byF µ or E µ does not lead to the right formula either. It is only through summing over all nuclei can we achieve an equality involvingF µ , [43]
Eq. (14) and Eq. (28) imply that the magnetic forces do no work. One can immediately see this for the intranuclear magnetic force because (B µ ×v µ ) ·v µ = 0. On the other hand, while the internuclear magnetic forces can do work on individual nuclei, they cannot change the total nuclear kinetic energy since they compensate one another once summed up due to the internal nature of these forces.
To numerically verify and visualize the IEIs, we design an exactly solvable model of two nuclei moving in one dimension. The nuclear TDSE is given by
Here instead of following the conventional way of solving for χ with given time dependent scalar and vector potentials, and initial condition, we go the other way around. By choosing a particular form of time-evolving wave function χ(X 1 , X 2 , t), we aim to find analytical forms of the corresponding A 1 , A 2 and ǫ as functions of X 1 , X 2 and t that yield such a χ. Here in this work, we choose χ to be a normalized Gaussian function of a fixed shape,
whose center moves along a trajectory (g 1 (t), g 2 (t)).
Taking the real part of Eq. (29), and using the fact that χ was chosen to be real, we can deduce the form of ǫ as
The vector potentials and χ satisfy the following continuity equation,
Here A = (A 1 , A 2 ) and ∇ = (∂ X1 , ∂ X2 ). We choose the following (nonunique) vector potentials yielding χ:
For the numerical calculations, we choose g 1 (t) = a 0 (cos
, where a 0 = 1Bohr, M = 2000m e is roughly the mass of a hydrogen atom and t is in atomic units.
Because the nuclei move in one dimension, the intranuclear magnetic field B is absent so that the generalized Lorentz force reduces to the electromotive force, F µ = E µ . However, due to the presence of a nonzero internuclear Berry curvature C 12 = ∂ X1 A 2 − ∂ X2 A 1 = 2, the internuclear magnetic force operator D 1 = C 12v2 is nonzero and contributes to the IEI for the nuclear momentum.
In Fig 1 we illustrate the contribution ofD 1 to the momentum of nucleus 1 by comparing Re χ|F 1 +D 1 |χ with Re χ|F 1 |χ and dP1 dt . As can be seen, the green curve overlaps the blue dashed one, confirming the IEI for the individual nuclear momentum. A similar observation is made for the nuclear kinetic energy of the present model and for the angular momentum of a slightly modified one.
[43] By contrast, the fact that the red curve deviates from the blue dashed curve suggests that the generalized Lorentz force is incomplete and the amount of deviation reflects the contribution ofD 1 . Nevertheless, the effect ofD 1 is only of secondary importance in our model, and much less than the electromotive force E 1 . This is not a surprise becauseD 1 characterizes the internuclear force which is presumably only large in the presence of strong interaction between the nuclei, which is not the case in our model. Yet, in real molecular processes, the size of D µ and its relative importance remain unknown. One would have to carry out a full electron-nuclear dynamical simulation in order to find out. To summarize, in this Letter we have used the exact nuclear TDSE derived from the exact factorization to establish three inter-subsystem Ehrenfest identities that link to exact quantities. In the same way we can use the approximate nuclear TDSE derived from the approximate Born-Oppenheimer factorization to derive the same IEIs for approximate quantities. As a final remark, we emphasize that all three IEIs proved in this Letter have a formal resemblance with classical mechanical laws, with the same effective electromagnetic force operatorF µ appearing in all three IEIs. By analyzing the components ofF µ , we established a connection between the generalized Lorentz force operatorF µ and its classical analog and identified a nonclassical internuclear magnetic force operatorD µ . Thus, these forces should aid in condensing the enormous amount of information in the electron-nuclear wave function into comprehensible quantities that help us better understand dynamical processes on the molecular scale.
We 
I. SOME DETAILS FOR DERIVING THE INTER-SUBSYSTEM EHRENFEST IDENTITIES (IEIS)
A. Calculation of ReQ νµ 1
In the main text, we have introduced Q νµ 1 as
In the following derivations, we will repeatedly use the following two identities to simplify commutators,
Here O is an arbitrary non-differential operator and ∇ can be arbitrary gradient. Additionally, we have the following identity for the kinetic energy operator,
Using the above identities, let us first calculate Q νµ 11 as follows,
In the last equality, we have used identity (S4). Next we calculate Q νµ 12 ,
Then taking the G(G = X, Y, Z) component of Eq. (S7) and Eq. (S8) leads to
Now let us add up Eqs. (S9) and Eq. (S10) and obtain the G component of Q νµ 1 ,
The second term in Eq. (S11) is purely imaginary so that
B. Proving IEI for nuclear angular momentum
The angular momentum of nucleus µ is defined as the expectation value L µ = χ|L µ |χ R ,
Here E µ is the induced electromotive force (EMF) acting on nucleus µ. Next we calculate L 1 µ . It suffices to calculate the following commutator,
Here,
Let us first consider the Z component of U νµ 1 .
Here U νµ 1Zj (j = 1, 2, 3) refer to the expectation value of (i) −∇ 
In the second equality we have used ∇ 2 Rµ X µ = 0. Similarly, we can show that
Therefore,
and hence
Interchanging X and Y leads to
Here U νµ 2Z1 and U νµ 2Z2 denote the two terms on the RHS, respectively.
(ii) U νµ 2Z2 .
Interchanging X and Y , we have
Now let us add up all the ingredients in U 
After cancelation and rearranging the terms, we have
Here we have used the definition of the induced nuclear magnetic field,
Therefore, one can achieve the following simplification to the operator in Eq. (S39),
Now taking the Z component of Eq. (S14), we have
Here we have used our definition ofD G µ in the main text asD
One can follow the same procedure and derive the similar equalities for the X and Y components of L 1 µ . Thus we conclude that
Substituting Eq. (S44) and Eq. (S16) into Eq. (S13), we arrive at
whereF µ =F µ +D µ = E µ + B µ ×v µ +D µ . HereF µ is the generalized Lorentz force.
C. Proof that internuclear magnetic force does no work
In the main text, we have shown that
Here the second equality is because the intranuclear magnetic force does no work.
Now we further prove that the internuclear magnetic force does no work either, i.e.,
Re χ|
so that
To prove Eq. (S47), let us insert the expression ofD µ in it,
Here we have interchanged the indices G, G ′ and µ, ν in the summation in order to derive the last equality. Now we compute the commutator betweenv
This suggests that
is purely imaginary. Therefore, the RHS of Eq. (S49) is zero. Hence, Eq. (S47) is true.
D. Additional remarks on the IEI forT µ
We have established IEIs for the momentum and angular momentum of individual nuclei.
Here we remark that the analogous IEI for individual nuclear kinetic energy is not true, i.e.,
HereT µ = 1 2Mµ χ|(−i∇ Rµ + A µ ) 2 |χ R . ReplacingF µ by E µ orF µ on the RHS of Eq. (S52) does not lead to the correct formula, instead, a correction operatorĜ µ needs to be introduced,
By some algebra, one can work out the expression ofĜ µ as the following,
where C
Derivation is omitted. The operator G µ has no classical analog. Nevertheless, it is worth noticing that G µ has no collective effect, in the sense that In previous works, for the purpose of solving the nuclear Schrödinger equation, trajectory based methods were introduced. By writing χ(R, t) = exp i S (R, t) and expanding the complex functionS(R, t) into power series of , i.e.,S(R, t) = α αS α (R, t), a canonical momentum associated with the lowest order termS 0 was defined, [1, 2]
Moreover, it has been shown thatP µ along a classical trajectory satisfies the following
Mµ
, B µν = ∇ Rµ × A ν , and
If one considers all orders of through the following polar representation of χ, χ(R, t) = |χ(R, t)|exp i S(R, t) , the corresponding canonical momentum [3, 4] and force functions associated with S(R, t) can be defined as
where
. When we consider the total time derivative of P µ along a classical trajectory, however, the analogous equality of Eq. (S57) is not true, i.e.,
As is known, a quantum potential correction is needed in order to propagate the equation of motion of P µ correctly. [5, 6] As an additional remark, we note that Eq. (S57) is tied to a classical trajectory. If one extends its validity outside its domain, and tries to connect the rate of change ofP µ (R, t) withF µ (R, t), where R and t are independent variables, then an equality cannot be proved, i.e., ∂ tPµ (R, t) =F µ (R, t). Same argument applies to P µ (R, t), ∂ t P µ (R, t) = F µ (R, t).
Nevertheless, we have shown in this paper that an equality can be established between ∂ t χ|p µ |χ and Re χ|F µ |χ .
B. Relation between operatorsp µ ,F µ and auxiliary functions P µ , F µ Let us calculatep µχ χ using the polar representation of χ.
To see the relation betweenF µ and F µ (R, t), we rewrite F µν in terms of Berry curvatures.
Taking the Z component of F µν , we have
Substituting Eq. (S65) into Eq. (S64), we have
where in the last line we used the definition of the Berry curvature C G ′ G νµ from the main text. Similarly, we can derive the X and Y components of F µν and summarize as follows,
Similar expressions have appeared in our operatorD µ , where v Gν is replaced byv Gν . This is also reflected in the similarity between the force function F µ (R, t) and our force operator 
Thus, the expectation value ofF µ can be evaluated by replacing the operator by F µ (R, t).
Similarly, we can show that χ|p µ |χ = |χ| 2 P µ (R, t)dR. Therefore, our IEI for the nuclear momentum implies that ∂ t |χ| 2 P µ (R, t)dR = |χ| 2 F µ (R, t)dR.
III. SOME DETAILS OF THE EXACTLY SOLVABLE MODEL
A. Model construction
Let us consider the following time-dependent Schrödinger equation (TDSE) for two nuclei in 1D,
− i∂ X j + A j (X 1 , X 2 , t) 2 χ(X 1 , X 2 , t) + ǫ(X 1 , X 2 , t)χ(X 1 , X 2 , t). (S70)
We aim at finding a nice analytical nuclear wave function χ(X 1 , X 2 , t) such that the corresponding scalar and vector potentials are all analytical functions so that our model can be regarded as "exactly solvable". Such choice is certainly not unique. Yet it suffices for our purpose to find one such example to prove our concept.
Noticing the resemblance of Eq. (S70) with a TDSE for 1 nucleus in 2D, let us denote R = (X 1 , X 2 ) and ∇ = (∂ X 1 , ∂ X 2 ) so that we can rewrite Eq. (S70) into the following compact form,
Let χ = e β 1 +iβ 2 with β 1 and β 2 being real functions. Dividing χ on both sides of Eq. (S71), and expanding the (−i∇ + A) 2 term leads to
Using the identity ∇χ χ = ∇ ln χ and ∇ 2 χ χ = ∇ 2 ln χ + (ln ∇χ) 2 , we arrive at
Now substituting ln χ = β 1 + iβ 2 into Eq. (S73),we have Here all variables are in atomic units. In our model, the green and blue dashed curves overlap as a consequence of our particular choice of the vector potential such that the internuclear Berry curvature is constant. Fig. S1 is the validation of the IEI for the kinetic energy of nucleus 1. We have shown that Re χ|F 1 v 1 |χ is not the right formula for
Shown in
. Here this is reflected in the deviation between the red curve and the blue dashed one. Moreover, we have shown that adding theD 1 correction still does not lead to the right formula; an additionalĜ 1 correction is needed. However, in our model since the Berry curvature C 12 is constant,Ĝ 1 = 0. Thus dT 1 dt = Re χ|(F 1 +D 1 )v 1 |χ , as a consequence, the green and blue dashed curves overlap.
